Let K/k be a finite Galois extension of number fields with Galois group G, and let S be a finite G-stable set of primes of K containing all archimedean primes. We denote the G-module of S-units of K by E = E S and let ∆S be the kernel of the augmentation map ZS → Z which sends each basis element p ∈ S to 1. We are concerned with invariants of K/k which are associated to a G-homomorphism
Stark's conjecture holds, we use the induction and inflation properties of a, which hold for small S because of Theorem B, to reduce the study of prime factors of a(χ) above a rational prime l to the case of l-adic linear characters χ for which l does not divide |G/ ker(χ)|. The problem of Theorem A is thus translated into establishing an l-adic analogue a (l) (χ) = (1) for all primes l. Finally in §10, we specialize to K/k contained in a cyclotomic field Q(ζ), and construct an explicit isogeny ϕ : ∆S → E on taking S to be the set of all infinite primes of K. This isogeny ϕ comes naturally from the construction of Ramachandra units, which allows us to eliminate the complex L-value part c S (χ) of a (l) . Then, in §11, we apply the preliminary results of § §8,9 to give the proof of Theorem A. For each prime l we distinguish three cases according as χ is odd, imaginary or even. In the odd case the assertion a (l) (χ) = 1 amounts to a conjecture of Brumer which has been proved by Wiles [Wi2] . The imaginary case, for which k is not real, is a sort of analogue for l = 2 and has been settled by Greither [Gc] . Both cases are applications of the Main Conjecture [MW, Wi1] .
Most of the remaining effort is concerned with the even case in which we are left with proving a Ramachandra-Gras conjecture, i.e. the reformulation of a conjecture of Gras for Ramachandra units. Following the strategy of Greenberg [Gr1] we are reduced to computing a certain module index and to making connections again with the Main Conjecture. The module index calculation, in §12, depends on the l-adic logarithm, which, on the one hand, brings in the l-adic L l (1, χ), and on the other, the l-adic additive Galois module structure. Since l is prime to the group order, we are in the tame situation and can apply results of Fröhlich. In §13 the main results of [Wi1] are brought to bear to finish the proof.
Local constructions
In this section only the extension K/k is not the given one but its completion at a finite prime p. In particular, G now is the old decomposition group at p. Denote by I its inertia subgroup and by φ the Frobenius automorphism of the corresponding residue field extension; set G = G/I, e = |I|, f = |G|. As always, if H is a group, ∆H is the augmentation ideal in the integral group ring ZH, andĤ = h∈H h ∈ ZH.
Definition ( [GW] ). The inertial lattice W attached to K/k is the free Z-module on the basis
where g = (g mod I) = φ a(g) and 1 ≤ a(g) ≤ f . The G-action is given by
with a h,g = 0 or 1 according as a(h) + a(g) ≤ f or > f.
Observe that W ZG if K/k is unramified. The inertial lattice W comes equipped with a short exact sequence Z W ∆G , 1 → w 1 , from which Q ⊗ Z W QG follows. The Z-dual of this sequence is
The map ι, which, of course, is the evaluation at w 1 , is called the inertial augmentation. Also, if V is a CG-module, letV = Hom C (V, C) be its contragredient.
Proposition 1. (a)
The image of ∆G 0 in W 0 is generated by κ as a ZG-module. AlsoĜη =Ĝρ.
(b) If β ∈ W 0 has augmentation 0, then β = ( g =1 x g g)κ with x g = β(w g ).
In particular, there exists y ∈ ZG, unique up to adding a multiple ofĜ, such that yκ = (|G| −Ĝ)ρ . Also we have (|G| −Ĝ)η = −e g =1 a(g)gκ .
(c) Given a CG-module V , let y V denote the right action f → f y by the above y on Hom CG (V , C ⊗ ∆G 0 ), where
The ZG-submodule of W 0 generated by ρ has finite index.
Proof. (a) Denote by {η g : g ∈ G} the dual basis of W 0 to {w g : g ∈ G}; thus η = η 1 . Then {η g : 1 = g ∈ G} is a Z-basis for the kernel of the inertial augmentation. Since for g = 1, (gκ)(w h ) = κ(g −1 w h ) = κ(w g −1 h − w g −1 + a g −1 ,h w 1 ) = κ(w g −1 h ) + 1, we have gκ = η g . Moreover, ι(κ) = 0 and, asĜw h = ea(h)w 1 , (Ĝν)(w g ) = ν(Ĝw g ) = ea(g)ι(ν) for ν ∈ W 0 . Taking ν = κ yields ( g∈G a g g)κ = g =1 (a g − a 1 )gκ = g =1 (a g − a 1 )η g , and this equals 0 if, and only if, a g = a 1 for all g. Hence ZG/Ĝ ZGκ. Also ν = ρ − η has vanishing inertial augmentation.
(b) From (a) we obtain β = ( g =1 x g g)κ = g =1 x g η g . Evaluating at w h shows x h = β(w h ). Substituting (|G|−Ĝ)ρ for β yields x h = e|G| or e|G|−ea(h) according as 1 = h ∈ I or h ∈ I, since (Ĝρ)(w h ) = ea(h).
We subtract |G|(e − 1)Ĝ from h =1 x h h with the above x h and get the element y = e Since ∆G is a right G-module as well, ∆G 0 actually carries a (G, G)-bimodule structure:
This induces the right CG-structure on Hom CG (V , C ⊗ ∆G 0 ) used in the assertion. We first claim that we have isomorphisms
The second one is the evaluation of f ∈ Hom CG (C ⊗ ∆G, V ) at the idempotent 1 −Ĝ |G| which projects to 0 in V G . To describe the first one, write · , · V for the canonical pairingV ×V → C and · , · ∆ for the one with respect to C⊗∆G. Then the map in question sends f ∈ Hom CG (V , C ⊗ ∆G 0 ) to f ∈ Hom CG (C ⊗ ∆G, V ) where
It follows that (f y) (d) = f (dy), wherey is obtained from y by the involution on CG induced by g → g −1 , g ∈ G. This holds because
Thus the right action of y on Hom CG (V , C⊗∆G 0 ) corresponds to the left action ofy
as 1 −Ĝ |G| ∈ CG is central and f is a G-homomorphism.
We have arrived at det(
with multiplication by −|G|e on the right vertical arrow and multiplication byỹ = e
, y ∈ QG/ĜQG is a unit. Thus yκ = (|G|−Ĝ)ρ generates a submodule of finite index in ∆G 0 = ZGκ. Since ρ itself has inertial augmentation = 0, the assertion follows readily.
Remark. Eventually, in §6, the point of §1 will be that det(1 − φ p | V Ip /V Gp ) is an Euler factor at s = 0.
The Tate sequence; ∇ modulo torsion
We return to our original notation in which K/k is an extension of number fields and, from now on, label the objects defined in §1 by the appropriate primes. In particular, G p , W p , W 0 p ιp −→ Z are the decomposition group, the inertial lattice and the inertial augmentation at p, respectively. Once and for all we fix a choice * of G-orbit representatives in the set of all primes of K. For a G-stable subset S then S * is the intersection of S and * . Set
where ι is the augmentation on ZS and ind G Gp ι p (followed by the augmentation ind
JÜRGEN RITTER AND ALFRED WEISS
The right hand end ∇ in the Tate sequence associated to S,
originates from a unique extension cl S ∇ ∇ which is described in [RW2] ; however, for the purposes of this paper it usually suffices to know ∇ modulo its torsion cl S , i.e. ∇. The ZG-modules A, B are cohomologically trivial and stably free, respectively. In the following sections we need to compare Tate sequences for sets S 1 ⊂ S 2 . In order to do so we use Theorem 2. Given S 1 ⊂ S 2 , it is possible to choose Tate sequences for S 1 and S 2 as the rows in the commutative diagram
in which the outer vertical maps are the natural ones.
Proof. The theorem is actually a direct consequence of the construction of the Tate sequence. In its proof all references are to [RW2] . Choose a sufficiently large set S of primes containing S 2 and look at the diagram
e e e e e e e e e e e e = in which J i denotes the S i -ideles and C K the idele class group of K, and where
For V S and V see §1 of [RW2] (as usual); they, together with the rows in the above diagram, are determined by the local and global fundamental classes. The left and right triangles are the obvious ones. The top face is built from the local diagrams of Proposition 2. Theorem 1 provides a surjective map V S → V making the diagram commute. The modules V S , V are cohomologically trivial and so the snake lemma yields
with cohomologically trivial A 1 , A 2 .
We next build the commutative prism
e e e e e e e e e e e e in which the front and the back face are as in diagram 4 (of [RW2] ) and the top face is assembled from local diagrams mostly with identity maps; the only complicated case being p ∈ (S 2 ∩ S ram 1 ) * when the relevant local diagram is described in Lemma 5c). It follows that M * ,1 → M * ,2 is induced by the inertial augmentations. On taking kernels we obtain the top face of
its left face is taken from the second diagram and the rest follows by pushing out.
Applying the construction at the end of §4 then yields the claim of the theorem.
We close this section by presenting two useful exact sequences involving ∇:
Here, ∇ 0 W is the restriction of the projection ZS ⊕ 0 W 0 W and the map ∇ ∆S ram is, on the one hand, induced by the embedding S ⊂ S ram and, on the other hand, by ind
As a consequence,
with the r that is already defined in the introduction, i.e. r = r S = number of G-orbits of ramified primes of K/k which are not in S.
Remark. For a discussion of the dependence on the choice * see [RW2, Theorem 6].
3. Definition of q-index and A for small S Let S be arbitrary, put r = r S and choose an isogeny ϕ : ∇ →Ẽ = E ⊕ ZG r . The definitions we are going to make below generalize those of Tate [Ta2] for large S.
We define the q-index q ϕ .
Let χ be a character of G and V = V χ be an F G-module affording χ and M an oG-lattice on V . Following Tate [Ta2, p.60] when S is large, we abbreviate by ϕ M the composite map
We resolve the obvious difficulty with the above notation by adopting the convention that ∇,Ẽ are to be read o ⊗ Z ∇, o ⊗ ZẼ . Indeed we will use this convention of letting the context determine the obvious extension of scalars rather consistently throughout the rest of the paper.
Proof. We next define the generalized A-number attached to characters of G.
Here, c S (χ) is the leading coefficient in the Taylor expansion at zero of the Artin L-function for χ with the Euler factors at p ∈ S removed and N p is the absolute norm of p. So it remains to define the generalized Stark-Tate regulator R ϕ (χ).
For this we need a generalized Dirichlet map
which replaces the original Dirichlet isomorphism
that takes a unit u ∈ E to p∈S log |u| p p with |u| p = absolute value of u at p normalized in the usual way.
We defineλ as a dotted map making
is as in Proposition 1.
We are now ready to define the regulator R ϕ (χ) that is attached to a complex character χ of G and an isomorphism
To that end letV be a C G-module affordingχ, the contragredient of χ, and denote by [λϕ | Hom CG (V , ∇)] the endomorphism of Hom CG (V , C ⊗ Z ∇) which sends a map s toλϕs.
This definition is justified by the following lemma. Proof. Namely, two suchλ (multiplicatively) differ by a map ν making
commute. Applying Hom CG (V , C⊗ R · ) to the diagram we see that the determinant of the map on Hom CG (V , C ⊗ ∇) induced by ν is 1.
In the lemma to follow we display an explicitλ in terms of an auxiliary map a which often is quite easy to come by. Namely let a be a QG-map making the following triangle commute:
Here E ram is the group of S ram -units in K, the vertical map sends 1 p to p (p ∈ S ram * ) and the horizontal u ∈ E ram to p∈S ram v p (u)p with v p denoting the p-valuation.
Proof. The second claim directly follows from ∇ → 0 W being the restriction of the projection ZS ⊕ 0 W → 0 W to ∇. In order to see the first one, we compute (inertial) augmentations.
The assertion follows by combining with ι p (ρ p ) = 1.
Remark. Observe that if S is small, then the choice * of G-orbit representatives of the primes of K is involved in the map ϕ, since ∇ depends on * [RW2] , and so there is no ambiguity in writing R ϕ (χ) or A ϕ (χ).
Proof strategy for Theorem B
Given an isogeny ϕ : ∇ →Ẽ, we define
Proof. This can be read off from Chinburg's work [Ch1] and, in any case, from the proof of Proposition 8 in [We] , but is included for completeness. Here is what we precisely show:
Since, over Q, ϕ 1 and ϕ 2 become isomorphisms, there exists an automorphism θ of Q ⊗ Z ∇ such that ϕ 1 = ϕ 2 θ. Choose an F G-module V affording the character χ. Then there is a commutative triangle
with obvious maps. After tensoring the triangle with C over F and composing with
at the right hand side, we deduce that
The determinant factor thus belongs to F × and is the quotient A ϕ1 (χ)/A ϕ2 (χ). Regarding the quotient of the q-indices, we use the commutative diagrams, 
Since T ∇ and T E are o-torsion modules, the exact sequence ker(
We next exploit the commutative diagrams
where the right vertical map is just the extension of scalars, in order to identify ϕ i as the restriction of ϕ i to L ∇ . In particular, by the triangle above, ϕ 1 = ϕ 2 θ and so
This finishes the proof of Proposition 6.
Because of the proposition, a ϕ depends only on S rather than on the particular ϕ, so we put a S (χ) = a ϕ (χ). Theorem B asserts that a S (χ) is even independent of S. Its proof is based on the equality a S (χ) = a S (χ) for any sufficiently large set S containing S. So, if S 1 and S 2 are two sets of primes, then both are contained in the same sufficiently large S and we get a S1 (χ) = a S (χ) = a S2 (χ).
The equality a S (χ) = a S (χ) is proved in three steps, each of which will fill an extra section.
Step 1 in §5 concerns adjoining G-orbits of primes of absolute degree 1 to S. It is always possible to adjoin a set of generators of the S-class group of K in this way because it is the primes of degree 1 that carry all of the Dirichlet density in the usual proofs of the existence of primes representing given elements of the class group. So in step 2, in §6, we begin with a set S for which cl S = 0 and enlarge it by adjoining all ramified primes of K/k. Finally, in step 3 in §7, the initial set S is large in the sense of Tate and we must now enlarge it arbitrarily. The arguments used in this last step are not really new, see [Ch1] or [We] .
The computations to be carried out in the following three sections will be easier to follow if we make use of some further notation. The Tate cohomology groups
, where i ∈ Z, X is a finitely generated ZG-module and M a fixed oG-lattice with character χ, will be denoted by H i (X). Moreover, with respect to evaluating the length of artinian o-modules we shall mainly work in the Grothendieck group K 0 T (o) of the category of finitely generated torsion o-modules.
We write [T ] for the element in
We close this section by recalling a formula which follows from the definition of the Euler factors (see [We, Proposition 6] ).
Lemma 7.
c S1 (χ)/c S (χ) = p∈(S1\S) * ( log(N p) f p ) dimV Gp det(1 − φ p |V Ip /V Gp ) for S 1 ⊇ S.
5.
Step 1
Let S 1 ⊃ S be a finite G-stable set of primes of K such that the S 1 -class group of K is trivial and such that each p ∈ S 1 \ S has absolute degree 1. We use the subscript 1 in order to distinguish the objects associated to S 1 from those to S. We have S ram 1 = S ram , and the notation 0 W is unambiguous as is the number r. Observe that Z[S 1 \ S] is ZG-free. The inclusion ZS ⊂ ZS 1 together with the identity map on 0 W induces the short exact sequence
Start with an isogeny ϕ : ∇ →Ẽ which vanishes on the torsion of ∇ and so induces ϕ : ∇ →Ẽ:
The existence of a map ϕ 1 in the commutative diagram below is due to Z[S 1 \ S] being free:
We are going to show that
To that end we prove
on account of Theorem 2 (on adding ZG r , with identity map, to getẼ,Ã,Ẽ 1 ,Ã 1 ). Observe that Hom o (M, C) is cohomologically trivial whenever C is [Se, p.153] .
Hence the formula stated above will follow from
and it remains to show (a),(b),(c),(d).
For the proof of (a) apply Hom o (M, o⊗ · ) to diagram (4) and take G-coinvariants and G-invariants. The vanishing of H i (C) for a cohomologically trivial G-module C then yields
where h is induced by h M . The snake lemma implies
of the long cohomology sequence associated toẼ
Turning to (b) we apply diagram (2) in order to get
With respect to (c) we start from diagram (3) and obtain
by the cohomology sequence
, and the cokernel is
. Turning now to A it suffices to show
To that end we make use of
which follows from Lemma 7, because all primes p ∈ S 1 \ S have absolute degree 1,
= S ram , this reduces to showing
Choosing aλ which makes the front face of the diagram
commute, we get a unique mapλ 1 : R ⊗Ẽ 1 → R ⊗ ∇ 1 which makes the whole diagram commute. We combine diagram (4), tensored with R, with the middle face (and its cokernels) of the above diagram to obtain
By diagram (2), tensored with R, it follows that the right composite map is
Applying Hom CG (V, C ⊗ · ) to the diagram we get
From Frobenius reciprocity and the decomposition of S 1 \ S into G-orbits, all of which have length |G|, we obtain Hom
, the assertion follows.
Step 2
This section is concerned with enlarging a set S satisfying cl S = 0 to
by observing that ∇ = ∇ and ∆S 1 = ∇ 1 . Since S ram = S 1 and so E ram = E 1 , we get an auxiliary map a as in the triangle preceding Lemma 5, which we can and will assume to be already defined on the integral level. Namely, ZG r , with r = r S , is free and E ram → Z[S ram ] is surjective, as follows from the triviality of the S-class group.
Hence
The triangle provides the short exact sequence
in which the rows are (1) and (3), with isogenies ϕ and ϕ 1 , and with δ induced by local maps δ p :
. Namely choosing ϕ 1 to be any isogeny and taking the δ with n = 1, the diagram (4) tensored with Q can be completed by a ϕ because of Maschke's theorem and then we get a diagram (4) by scaling by a suitable n.
We claim that
In order to prove the claim we first proceed as in §5. From diagram (4) we get
and so
, as follows from the top row in the diagram above, • ker(e) coker(f ) because of Theorem 2.
Collecting together we see that
In order to show
we use the following lemma, the proof of which is delayed to the end of the section.
Lemma 8. Let M be an oG-lattice and N an oH-module with H a subgroup of
From the lemma we obtain the commutative diagram 
We prove this whenever M is an oG p -lattice spanning the F G p -space V .
Since δ p is an isogeny between the two ends of the " Tate In the computations to follow we may as well drop the index p and assume that χ is irreducible. Moreover, we may assume that n = 1. Denoting, temporarily, our
The second summand has length n (χ,∆G) = n
If χ is trivial, we are in the situation o = Z, M = Z and, observing (∆G
If χ is non-trivial, we employ the commutative diagram
with κ → |G| −Ĝ , ZG = ZG/(|G| −Ĝ) and with the augmentation on the right hand side.
We obtain
As χ = 1, Hom o (M, Z) G = 0 and so H −2 (ZG) = H −1 (∆G 0 ) = H 0 (Z) = 0. Also, the middleĜ is an isomorphism, since ZG is free.
The length of this has been computed in [Ch1] ; see also [We, §13,  
We now pass to A and show that also
For that we recall from Lemma 7 that
In order to compute the quotient of the regulators stack diagram (4), tensored with R, on top of
the rows of which are (3) and (1). The left vertical map d is defined by the diagram. It follows readily that
To compute this we view it as an element of R ⊗ ∇, by means of (5), which, by (3), equals Thus
Gp . By combining this with Proposition 1(c), we obtain from (d), with the abbreviation z = dimV Gp − dimV ,
Proof of Lemma 8. Clearly θ is surjective. Moreover, since θ in the commutative diagram
is an isomorphism, we have
. Thus ker(θ) = 0 if, and only if, the map on H −1 is an isomorphism. Since M is an oG-lattice, this assertion can be shifted to dimension 0.
7.
Step 3
In this section we start out from a set S satisfying S = S ram and cl S = 0, and let S 1 = S ∪ Gp 1 for a prime p 1 of K.
We are going to compare q-indices and A-numbers by means of the commutative diagram
in which the upper row is induced by
, on taking ∇ = ∆S , ∇ 1 = ∆S 1 into account, and the lower row by
Moreover, we have chosen an isogeny ϕ : ∇ → E and the identity map on Q[Gp 1 ] in order to get a ϕ 1 : Q ⊗ ∇ 1 → Q ⊗ E 1 , making the diagram commute on the Q-level, and obtain ϕ, ϕ 1 , n by scaling with an appropriate 0 = n ∈ Z.
We first show that
Namely, from the diagram above we obtain
by Theorem 2. From the definition of the map n M and
by Shapiro's lemma withM = Hom o (M, o) and by Frobenius reciprocity. Taking lengths and noting that G p1 is cyclic we get
The Herbrand quotient part of this is additive inχ, hence can be checked on irreducible characters of G p1 [We, Proposition 8] .
Turning finally to A it suffices to show that
Because of Lemma 7 this reduces to proving
which directly follows by combining the commutative diagram
with the diagram at the beginning of this section and applying Hom CG (V, · ).
General reductions
For the purpose of stating the following proposition and its corollary we write a K/k (χ) for the ideal a(χ) in Theorem B.
(a), (b), and (c) follow from [Ta2, pp.31,60] with a replaced by a S for a large set S; (d) has been observed in [Ch1] in the form a ϕ (χ) = a ϕ (infl G G χ) for a given isogeny ∆S ϕ → E and a derived ϕ : ∆S → E , where S is the set of all primes of K which lie below the ones in a sufficiently large set S. For details see [We, §11] . So Proposition 9 is a direct consequence of Theorem B, since a is independent of S and the special choice of an isogeny.
Corollary. a K/k (χ) is determined by the a K /k (χ ), where K /k runs through the cyclic subextensions of K/k and χ through the corresponding characters.
This is merely the above proposition combined with the Brauer induction theorem by which we can write a given χ as a Z-linear combination of characters induced from linear characters of subgroups G of G.
We next start out from a given embedding ϕ : ∆S → E and describe a procedure by means of which we obtain an isogeny ϕ : ∇ →Ẽ = E ⊕ ZG r , r = r S . Our ultimate goal in this section is to give a(χ) in terms of ϕ.
We begin by choosing and fixing an infinite prime, say ∞, in S * and defining
where ι p is the inertial augmentation at p and η p is as in Proposition 1(a),
These are ZG-maps, respectively ZG p -maps, which fit into the commutative diagrams
where ϕ p abbreviates the composite of the map δ p ⊕1 and the map ∆G p ⊕Z → ZG p given by (x, z) → x + zĜ p . We combine these maps and arrive at the map ϕ + in the following diagram:
On ZS this map is determined by the left diagram above; on 0 W it is ( 0,
The lower row maps (u, z, x) to z.
Definition. The isogeny ϕ : ∇ →Ẽ associated to the given ϕ : ∆S → E is the composite map ∇ → ∇ ϕ →Ẽ, where ϕ is defined by the above diagram.
Proposition 10. Let G be abelian and define
where cl is the S-class group of K and X χ = e χ X is the χ-eigenspace of the o Gmodule X.
The proof of the proposition splits into two parts, one being concerned with q and the other with A. We first turn to q ϕ (χ), where χ is a linear character of the abelian group G, and let M = o Ge χ = o e χ be the o G-lattice affording χ, where e χ = 1 |G| g∈G χ(g −1 )g is the primitive idempotent belonging to χ.
The o -ideal q ϕ (χ)o is the q-index localized by o → o , so the computations to follow will take place in K 0 T (o ) rather than in K 0 T (o). This has the benefit that the localized Tate cohomology groups
) are all zero, where X is a finitely generated ZG-module.
We first look at the diagram
By restricting ϕ + to 0 W → ZG r we arrive at the commuting diagram
E)
G we obtain
since we are in K 0 T (o ) and since taking χ -eigenspaces is thus an exact functor.
Adding a), b), c) and applying o will give the claim once we have shown that 
where χ p is the restriction of χ to G p . We are left with proving
For this we suppress the index p. If χ is non-trivial, then e χ (o ⊗ 0 W ) = e χ o κ and ϕσ sends the element e χ κ to e χ ϕσ(κ) = e χ ϕ(|G|κ, 0) = e χ |G| (|G| −Ĝ) = |G| 2 e χ .
If χ is trivial, then e χ (o ⊗ 0 W ) = e χ o η and e χ η is sent to
where we have used Proposition 1(b). Since |G p | is a unit in o , we see that indeed
|G| (Ĝ∞, 0) in order to get the following commutative diagram:
Composing the vertical arrows and applying Hom CG (V, −) we get
To handle this we build the commutative diagram
. This holds because
By Proposition 1(a),(b) this yields
and we use the obvious diagram
We next compute the determinant of γ 2 using the identification
which originates in V = CGe χ , and the C-basis {e χ ρ p : p ∈ S ram * } of e χ (C ⊗ 0 W ), which comes from the CG-basis {ρ p } of C ⊗ 0 W, to compute
Combining the formulas d), e), f), g) with the definition of A ϕ we then get 
is again of the type required.
l-adic reductions
In this section, which, for the convenience of the reader, repeats the contents of [We, §14] , we assume the validity of Stark's conjecture, so, by Lemma 3, a(χ) is a fractional o-ideal in F satisfying a(χ) γ = a(χ γ ) for γ ∈ Γ. For a prime l denote by C l a fixed completion of an algebraic closure of the ladic rationals Q l . Let F l be a subfield of C l so that F l /Q l is finite Galois containing a primitive |G| th root of unity. Suppose i l : F → F l is a field embedding. If χ l is a C l -character of G, then χ l = i l χ for some F -character χ and we define a (l) (χ l ) = i l a(χ) o l where o l is the ring of integers of F l . 
The embedding i l induces a prime l on F above l. Let I denote the inertia subgroup of l in Γ with fixed field F . Let χ = m γ∈I χ γ , an F -rational character (m ∈ Z appropriate). Then a(χ ) = [ γ∈I a(χ) γ ] m . As I fixes l, a(χ ) is prime to l if, and only if, l is prime to a(χ).
Now i l χ is defined over F l which is the maximal unramified subfield in F l /Q l . By the claim below some power of i l (a(χ )) o l = a (l) (i l (χ )) is the product of values of a (l) on characters induced from those in the hypothesis, from which (b) follows by the l-analogue of Proposition 9.
Claim. Assume that F l /Q l is an unramified extension containing all |G| th roots of unity of order prime to l. Then every F l -character of G is a Q-linear combination of characters induced from linear characters of cyclic subquotients of G of order prime to l.
Proof of the Claim. By Artin's induction theorem we may assume that G is cyclic. Decompose G = G l × G into l-and l -parts. Since the l-power cyclotomic polynomials are irreducible over F l , there is a unique faithful irreducible F l -character of G l and this is a Z-linear combination of permutation characters. On the other hand, F l G splits completely.
The proof of (c) is similar. Induce the given χ up to G(K/Q), then decompose and inflate. Once more by the l-adic analogue of Proposition 9 it is enough to look at the situation when k = Q and K/Q is cyclic. Applying (b) then gives the assertion.
The Ramachandra isogeny
From now on K/k is an extension of number fields which is contained in a cyclotomic field and S is the set of all infinite primes of K.
Choose and fix a positive integer n ≡ 2 mod 4 so that K can be identified with a subfield of Q(ζ), where ζ = ζ n is a primitive n th root of unity. Then ζ → e 2πi/n embeds Q(ζ) into C and the restriction to K shall be our distinguished infinite prime ∞ ∈ S * .
As in [Wa, 
It restricts to a map ∆S → E which we define to be ϕ.
Proposition 12. Let χ be a non-trivial irreducible character of G with representation space V . Then
where ψ runs through all characters of G(K/Q) extending χ and f ψ is the conductor of ψ. 
Hence, with respect to the chosen basis, λϕ has diagonal matrix with diagonal entries 1
by combining the formulae 3 on lines -1 and -7 in [Wa, p.149] . Because of the functional equation for the L-series, which in our situation reads [Wa, p.35 ]
where Wψ is the Artin root number ofψ, we obtain, since Γ(1/2) = π 1/2 and Γ has a simple pole with residue 1 at s = 0 :
So the proposition follows from the identity
which holds because of [Wa, p.31] and
Remark. The proposition implies that ϕ is an isogeny and that Stark's conjecture is true in our situation.
Plan of proof of Theorem A
In order to show that a(χ) = (1) we show that a(χ) is relatively prime to l for every prime l and every character χ.
Fix a prime l. By Proposition 11 it suffices to prove a (l) (χ) = (1) for every non-trivial linear C l -character χ = χ l in the special case when K/Q is cyclic with l [K : k] and [k : Q] an l-power. Moreover, by the l-adic analogue of Proposition 9 we may assume χ is faithful.
Let o l be the ring of integers of a field F l ⊂ C l as in §9 and large enough that there is an embedding i l : F → F l . With S and ϕ : ∆S → E as in §10 we can combine Propositions 11 and 12 to obtain
Let us say that χ is even, respectively odd, if k is real and χ is trivial, respectively non-trivial, on complex conjugation when restricted to K (so considered in G). In particular, k is now real until the last step.
Examining the lengths in the above formulae we will show
where M denotes the maximal abelian l-extension of K which is unramified outside l, L l (s, χ) is the l-adic L-function and µ is the group of roots of unity in K. This result for χ odd follows by tensoring the diagram below with o l and taking χ-eigenspaces, because complex conjugation acts trivially on E/µ, hence (o l ⊗ E/µ) χ = 0 :
In the even case K is real. Consider the natural embedding E → P|l U P , where U P denotes the units of the completion K P of K at a prime P|l. It induces α : Z l ⊗ E → P|l U 1 P with U 1 P the principal units in K P , since l |U P : U 1 P |. By a theorem of Brumer [Br] α is injective. From [Gr1, or [Wa, p.268 , take the l -part] we know that coker(α) is canonically isomorphic to the Galois group
Since K is real, the cyclotomic l-extension K ∞ of K equals Kk ∞ , with k ∞ denoting the cyclotomic l-extension of k, and so K ∞ /k is abelian. Moreover, M is finite over K ∞ by [Wa, . Since χ = 1, this implies the finiteness of
We compose α with ϕ in order to get the injection
Tensoring with o l over Z l we obtain
and apply Theorem 14 in §12 in order to arrive at (2).
Combining (1) and (2) yields
if χ is even, since, in the odd case,
, with the last equality reflecting the induction property of the L-series. From Iwasawa theory we finally get that a (l) (χ) = (1) in both cases of the above formula, by Theorem 15 in the even case and by [Wi2, Theorem 3] in the odd case.
With respect to the latter observe that in Wiles' theorem the field F χ is our K and so the group H χ there is the class group cl, up to G-isomorphism. Consequently, by the theorem,
as its extra hypothesis is satisfied by [Wi2, p.556, line -4], since l = 2 if χ is odd. The odd case follows because of the relation
between the group order and the o l -length of a finite group X.
Finally we must reduce the general case to the case that k is real. Let k + be the maximal real subfield of k and assume k = k + . Since k/Q has l-power degree this forces l = 2.
χ into irreducible characters and let χ + be the character of G(K + /k + ), with K + the maximal real subfield of K, which inflates to one of the two constituents of ind
Then the extensions of χ + to characters of G(K + /Q) inflate to the even extensions ψ of χ.
By (1) we thus have, using an obvious notation,
At this stage we look at
where N = N K/K + is the norm map.
The action of G on ∆S + and E + can, via the natural isomorphism G G
, be identified with that of G + . Taking now χ-eigenspaces we obtain, in
The exact sequence E/µE 
Since Q 2 ⊗E + Q 2 ⊗∆S + and since G + has odd order, we have
where cl − is defined by the exact sequence cl
Assume now that 2 does not ramify in K.
which follows from [Gc, Theorem A, p.453] on writing
l-adic logarithms and L-functions, resolvents and Gauss sums
We shall need a small variation of an old trick [Wa, p.71 ].
Lemma 13. Let G be a subgroup of an abelian group H and f :
where χ is a linear character of G.
Then, if X is a set of coset representatives of G in H,
where the product runs over all linear characters ψ of H extending χ.
Proof. Consider the C l -linear map on C l He χ given by multiplication byf = x∈X f (x)x −1 . With respect to the basis {x −1 e χ : x ∈ X} it has matrix f (xy −1 ) x,y∈X ; with respect to the basis {e ψ : ψ|χ} it has diagonal matrix with diagonal entries
Theorem 14. Let K/k be an extension of real subfields of Q(ζ n ) with cyclic Galois group G of order prime to l. If χ is a non-trivial linear C l -character of G, then
with α and ϕ as in (3) of §11.
Proof. We begin by composing αϕ with the l-adic logarithm log = P|l log P to get
This permits us to use o l -lattice indices on the space F l ⊗ Q l P|l K P (which are defined for arbitrary pairs of lattices on the same space). We prove
where O P and K P are the ring of integers and the residue field of K P , respectively. To that effect we work in K 0 T (o l ) and choose a sufficiently large natural integer
χ and so that log P : 1 + P t → P t is an isomorphism. Then
Since im(αϕ) Z l ⊗ ∆S has no torsion,
by inducing to G and taking eigenspaces. Combining these two equations yields
from which (1) follows by taking lengths.
The elements
The group G acts on the right on the set of Q-embeddings of K into C l . Let {s : K → C l } be a set of orbit representatives. Each s extends to an F l -algebra homomorphism
which when applied to (a) gives the equation
We first turn to the numerator and prove
where ∼ l means equality up to l-units in C l and τ l (χ) is the "l-adic Gauss sum" of the l-adic character χ. Namely, if χ = i l (χ ) for an F -character χ and an embedding i l : F → C l , then τ l (χ) is defined to be i l (τ (χ )) with τ (χ ) denoting the usual Galois Gauss sum [Ma, p.48] . Changing the embedding varies χ by Galois conjugation over Q and so, by a theorem of Fröhlich [Ma, p.50] , τ l (χ) is well-defined up to multiplication by a root of unity, which is irrelevant in (4).
To prove (4) we define X to be the set of coset representatives of G in H = G(K/Q) such that S * = {x∞ : x ∈ X}. Fix an embedding s 1 in the set of all Q-embeddings of K into C l and choose {s 1 y −1 : y ∈ X} as our set {s : K → C l } of G-orbit representatives. With p = x∞ and s = s 1 y −1 we have
On writing s 1 log = log l s 1 with log l : C × l → C l defined as in [Wa, p.50 ] the above is
and so, inflating ψ to G(Q(ζ)/Q), the above ψ-term equals
By the l-adic class number formula [Wa, p.63 ] and the calculation given at the end of p. 152 and the beginning of p. 153 in [Wa] we get that our determinant We now turn to the denominator in (3) and show
where d kq/Q l is the discriminant of k q /Q l and where χ q is the restriction of χ to a decomposition group G Q of q.
In order to prove (5) we choose the basis {v i } according to the decomposition
where Q denotes a fixed prime of K above q. The last equation is Frobenius reciprocity from
χq together in order to arrive at a basis {v i } which will be appropriate for proving (5). Since l |G|, the extension K/k is tame and so O Q free over o q G Q (with o q denoting the ring of integers in k q ). Hence if a Q ∈ O Q generates an integral normal basis, then
iq )e χq (1⊗a Q ) with {u
We also work with a well-chosen set {s : K → C l }. We are allowed to do so because (3) is independent of the choice of embeddings and (4) is changed by the root of unity s χ(g s ), if s is replaced by sg s with g s ∈ G, since (sg s )(log αϕ)e χ = s(log αϕ)g s e χ = χ(g s )s(log αϕ)e χ .
For each q|l fix an embedding s Q : K → C l inducing our Q on K and a set X q of left coset representatives of G s Q kq in G Q l (with G L , for a field L, denoting the absolute Galois group of L). Then our set {s : K → C l } shall be q|l {γ q s Q : γ q ∈ X q }. Here the extended F l -algebra homomorphism s Q : F l ⊗ Q P|l K P → C l has s Q (v In order to complete the proof of our theorem we finally show
Together with (4) these yield det s(log αϕ)(e χ (1 ⊗ p)) s,p
This multiplied with the inverse of the right hand side of (5) becomes Proof of (7). By [Gr2, p.81] we have L l (s, χ)= L l (s, ind
Proof of (8). For P|q|l let e and f denote the absolute ramification index and residue degree of q, respectively, and I the inertia group of P|q. Also, let k q be the residue field of k at q. Then 
where o l is unramified over Z l and large enough to contain the values of all C lcharacters of G.
In the proof of the theorem we shall have to look at characteristic polynomials of finitely generated modules over the Iwasawa 5 The first main ingredient of our proof now is
Supposedly m χ = 0 but we will not need this. So only the case l = 2 has to be explained. As K/Q is abelian, all irreducible C l -constituents θ of ind 
